Sridhar: Design and Analysis of Algorithms

Chapter 4

4.1  Write the following recurrence equation for the following algorithms :
a) n™ power of a variable :T(n)=1+T(n-1)
b) Pentagonal numbers  : T(1)=1, T(n) = T(n-1)+3n-2, n>2

c) Quick Sort : T(n)=2T
d) Selection Sort : T(n) =T(n-1)+1
e) Lucas numbers : T(n) =T(n-1)+T(n-2)

T(0)=1

4.2  Formulate and Solve the following recurrences
a.) tn:tn.]_ + 3, tO = O

.. when n=1 ti=tg+3=3

tb=t,+3=6

t3=t,+3=9

.. The sequenceis O, 3,6, 9, -

Solution is t,=3n, forn=0,1,2,--
b) t,=2t,1+1, t;=0

t1=2tp+1=1

thb=2t1+1=3

t3=2t,+1=7

tb=2t3+1=15

So the sequence is 0,1,3,7,1.5,---

So guessed solution is 2n+1, forn=0,1,2,...

C) tn = 3tn-1+1, t0:0
tp=3tp+1=1

t,b=3t;+1=5
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4.3

d)

a)

tz=3t,+1=10
t,=3t3+1=58
So the sequence is 0,1,5,10,58,---

t, = 2t +n°, tp = 0

=2ty +1%=1

ty=2t, +2°=10

t3= 2t + 3° =20 + 37 = 47

ty = 2tz + 4° = 2X47 + 64 = 158
So the sequence is 0,1,10,47,158

t, = Styq+n®, 1, =0

tp =5t +1%=1

tp=5t; +1°=9

t3 =5t +1°=45+9 =54

ty = 5tz + 12 =5X54 + 16 = 286

So the sequence is 0,1,9,54,286

th-4t-1=0

t, = 4tp-1
= 4[4(th-0)] = 4°t2
= 4[4(4t,3)] = £y
= 44

.. In general
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Solve the following 1* order equation using substitution method.

whenl = (n-1) , the solution would become like this

tn — 4n—(n—1) th-l
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4.4  Solve the following recurrence equations using the difference method :

a) th—th1=7
th=1
th—tha=7
tha—th2 =7
tho—ths =7
to—tha=7

There are (n-1) equations

Sth—t=7(n-1)

th =1t +7(n-1)
=1+7n-7=7n-6

b) tn - tn.]_ = 3

Based on the previous problem, one can find
th =t + 3(n-1)

=1+3n-3

=3n-2

45  Solve the following problems using recurrence tree.
a) T(n) =2T(n-1) + 1 and compare this with T(n) = 2T(n-1) +n

Hint: At every stage 1 is divided into two leaves and this continues till it becomes

1. izi =2"-1=0(2")

i=1
n N n
b) T(n)=T (Ej +1 Compare this with the tree T (Ej +n

Hint: At every stage 1 is divided to two leaves as n/2 and this continues till it

becomes 1. This is O(log n)
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o) T(n)=4T @mz
Hint: At every stage the problem is divided into 4 sub-problems and every time n

is divided by 2 and each call requiresn®. Therefore, the algorithm is &(n*logn).

d) T(n)zﬂ(g}n
Hint: At every stage the problem is divided into 3 sub-problems and every time n

is divided by 2 and each call requires n®. Therefore, the algorithm is &(n*logn).

logn-1 i
Z (gj — n|Og3 _1
o \2

4.6  Solve the following second order equation
a) t,— 7t +12t,, forn=0

Solution:

rP_7r+12=0

~ +7J_r,/49—4(1)(12)

) 2(1)

_ +7+49-48 +7+1 +7-1
- 2 2 2
=+3,+4

St =03 + 4"
Whenn =0, to=ciL+0
Whenn=1 t; = 3c1 +4c;
Solving this one get
C1+C2=0

3ci+4c,=1

egnl X 3
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3c;+3c,=0

3c;+4c,=1

=1

SC=1 ¢=-1

Substituting this, one gets the equation
ty= (-1)3" + 4"

tn—3tn.1—4tn.2:0, t0:0, t1:1

Solution:

rr—3r-4=0

r=4,-1

sty = cd" +cp(-1)"

Substituting the initial conditions, one get

c4" + Co(- 1)n

to

8] 4c,—cr =1

=

Solving one get ¢, = =

gl

(n)=5 (4 —g (1)
th—th1—6th2=0, tr=1,t,=1
Solution:
rr-r-6=0

(r-3)(r+2) =0, ..r=3,-2
st =c(3)" + ¢ (-2)"
Substituting the initial conditions one gets

fp=Cci+cCr.ci+c=1
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ty=3c1—2c,.. 3c1—-2c,=1
Solving one get
3ci+3c,=1

3c1—-2c,=1

5c,=1 =>02:1

5

o2
“ 5

Substituting, one get

4 1 n
t(n)=|=[3"+| = |(-2
OSEERIEE
4.7  Solve the following higher order recurrence equations.

a.) tn_stn-l +tn.2_3tn-3 :0
th=0:;t1=1; tb=1

Solution:
rP—3rf-r-3=0
r=3,1,-1
sth=c013"+c1" + c(-1)"
Substituting one get

to = C1+ Cot C3

t; = 3c1t+ ot C3

t, = 9c1+ ot 2C3

-1
Hence the general solution is t, = (Ij?f +Z(1)n +§(1)n
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b) th—th1 + 2tho— 6ti3 =0
h=0;1=1; b=1
Solution:
P—r’+2r+6=0

Solve the following non-homogeneous equations
a) th—3t,1=4"(2n+1) forn>1
to= 0:t,=12

Homogeneous part
r-3=0
Sr=3

Non-homogeneous part

b(p(n))k= 4"(2n+1)
= (r—b)"

=(r—4y°
r=44

.'.‘tn = C13n + C24n + 03n4”\.

b) to—5th1+ 7tho—3thz=1,  n>2
to=1;t1=2; t,=3
Solution:
Homogeneous part:
rP—5rf+7r-3=1
Sr=1,1,3
Non-homogeneous part:

b"(p(n))k= 1°

r-1)%'=(r-1)=r=1].
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The general solution is
St = 03" + 1" + c3n X 1" + ¢4n1"
Substituting the critical condition, one get
citc=1

3C1+C+ C3+Cs=2
The 3" initial condition
t3=5

Solving one gets

c1=2.125
c, =—1.125
cz=1
Cs=—-4.25

Sty =2.125%X3" + (-1.125) X 1" + 1Xn X 1" + (-4.25)n?x 1"
t, =2.125%3" -1.125 + n — 4.25n?

4.9  Solve the following recurrence equations using generating functions.
a.) tn_4tn-]_:0 ,t():l

Solution:
Based on the problem (4.27), one can find

1
(1-4z)

G(z)=

=11 +4z+ (42)> + )
=1x4"
=4"

4.10 Write a recursive program for Fibonacci and solve it using generating functions.

Hint: W' W5 |,l 3 ;| |I.L . ::|
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4.11 Convert the following sequence to generating functions.

a) 4"
The sequence is {4, 16, 64, --- }
Based on problem 4.25, one can find
1
G(z)=
(2) (1-4z)
b) 2"

4.12 Convert the following functions to partial functions

X

a) —-—
X“+6X+9

x-1
b) —
X +10x+25

[Hint] For both these problems, there are double roots and hence partial fraction is
difficult.
4.13  Verify the following functions are smooth or not
a) nlogn
Smooth function
b) x

Smooth function

4.14  Solve the following recurrence equations using domain and range transformation
a) T(n)= T(\/F) +n

b) T(n)=T(/N)+n
4.15 For the principal amount $100, if the compound interest is given by a bank is 3%. What
would be recurrence equation ? Find the solution of the recurrence equation.

Solution:
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Based on problem 4.11, one can find that the recurrence equation is t, = 1.03t,.; and its
solution is

-

4.16  Solve the following recurrence equation
tn - 5tn.]_ + 15tn.2 = O

with initial conditions t;=0,t;=1andt, = 2.
Solution:
rP—5r+15=0

 +5+/25-60
2
_ +5+4-35
2

The roots are complex

And the general solution is

5+5.9i )" 5-5.0i)"
tn=C1 5 +C2 >

Solving this, we get

ci+c, =0

(5+5mj+C(5—5mJ_l
Gl )%l T2 )7

: . 5+5.9i
Multiply equation (1) by

2

(5+5'9iJ+c [5+5.9ij_0
a3 22 )
(5+5.9ij+C (5—5.9ij_1
“l 3 22 )

Subtract (2) from (1), we get
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5+5.9i 5-5.9i
s

5-5+5.91 +5.9i
2

c, =1

11.8ic, =2

e (ﬁéi j(Sf > j +(112.8i j(s_s > j

4.17  Use the simplified and generalized master theorem and solve the following :
n n
a) T(”):T(Ejﬂ Compare this with T(n):T(EjJrcxnk
Herea=1,b=2,c=1andk=0
As a=b",
T(n):é?(nk log n)
=06(logn).
by T(n)=8T (g) 10n* , T(0)=0

Using little master theorem
a=8,b=2,k=2

As a>h?,
9(n'°928)=9(n3)

Using master theorem
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d)

T(n)= 8T(2j+10n . T(0)=0
as a<b"

T (n)=0(n28)=6(n*)
Note : one can note

0 n") if a<bk
log

T(n)=16(n" ) if a=b*

(
(
9( n'% 2 ) if a>b"
-3

Jin . T@)-0

Using little master theorem
a=8,b=2and k=2

As a>b®,
0(n'°gz3)
Using master theorem

T(n)= a(n'c’gz a) = 0(n'92?)
T(n):T(gj+(n—1)

a=1,b=2k=1

-.a<b®,
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f)

9)

a=2,b=2,k=2
a<h®,
o(n?).
Using master theorem
f(n):e(n'°922xn)
=0(nxn)

-of)

Solution:
a=7,b=2,k=0

a>h*,
_ 0(n'°927)

Using master theorem,

,
f(n)= n%2nt

— 9<n2.8—2.8) — e(nO)
- T(n)=0(n"®")
T(n):4T(gj+1

a=4,b=3,k=0

a>b*,

6?(nIogb a)
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=o(r™’)
h) T(n):T(2j+n

a=4,b=3k=0

a<bX,

H(n" ) =0(n)

i) TOﬂzﬂ(E}&%ET

Solution:
This is Stassen’s multiplication algorithm

7> 2?

49(n'°gz7)

i) T(n):BT[gj+n
Solution:
Using little master theorem
a=4,b=3,k=0
a=b,
~.T(n)=6(nlogn)
Using master theorem

f(n):e(n'°g33)
=6(logn)

k) T(n)=2T (gj+(n—1)
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Solution:
a=2=pb"
6’(nl log n)
=6(nlogn)

(This is merge sort and closest pair algorithm)

m) T(n)=4T (gj+5\/ﬁ
a=4,b=9, k=%
a>9”=3

ST (n)= H(Jﬁlog n)
n) T(n)=4T (gjmlogn

a=4,b=2,k=1

a>hk

-~ T(n)=6(nlogn)

0) T(n)=3T(2]+n
a=3,b=4,k=1

a<b¥
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T (n)=0(n*)=06(n)
4.18 Solve the recurrence equation
tn — 3ty = 2"
Solution:
Homogeneous part:
r-3=0
~r=3
Non-homogeneous part
b"(p(n)" = (r—2)*
=r=2
~t(n) =c¢13" + 2"
Assumingto=0,t; =1, we get
c1+c,=0
3c1+2c,=0

On solving we get

3c1+3c2=0

3c1+2c;=0
C=-1 andc; =1
~tin)=3"-2".

4.19  Solve the recurrence equation

T(n)=TT (ED where T(1) = 1

Solution:

This is problem 4.34.
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So the answer is

T (n)=7"9"
:nlog7

.81
:n38
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